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LOCAL CURVATURE ESTIMATES ALONG THE κ-LYZ FLOW
YI LI AND YUAN YUAN
ABSTRACT. In this paper we prove a local curvature estimate for the κ-LYZ flow
over Ka¨hler manifolds introduced in [5] and [11]. In particular, we generalize the
long time existence of the flow.
1. INTRODUCTION
Let (X,ω) be a closed Ka¨hler manifold of complex dimension n. One of the cen-
tral problems in Ka¨hler geometry is the existence of the constant scalar curvature
Ka¨hler (cscK) metrics in the Ka¨hler class [ω]. Although Chen and Cheng [CC1-3]
made a breakthrough on the problem using the elliptic approach, the parabolic
approach still remains open. In particular, the long time existence and conver-
gence of the Calabi flow is not known in the general case (cf. references in [11] for
studies of the Calabi flow). Since the Calabi flow is a fully nonlinear fourth order
partial differential equation, Yuguang Zhang and the authors in the present paper
introduced the following coupled flow in [11]:
(1.1) ∂tωt = −Ric(ωt)− ωt + αt, ∂tαt = ωtαt, (ω0, α0) = (ω, α),
where α is a closed Hermitian (1, 1)-form, Ric(ωt) is the Ricci form of ωt, and ωt
is the complex Hodge-Laplace operator. The motivation of defining such flow is
to reduce the fully nonlinear fourth order equation to a system of better under-
stood equations, namely, the Ka¨hler-Ricci flow and the heat flow. Note that the
stationary solution to (1.1) is the cscK metric coupled with a harmonic (1, 1)-form.
In [11], the following long time existence result is obtained by using Shi type
estimates. Let (ωt, αt) be the unique solution on [0, Tmax) for some maximal time
Tmax > 0.
Theorem 1.1. ([11]) If Tmax < +∞, then
(1.2) lim sup
t→Tmax
max
X
{|Rm(ωt)|ωt , |αt|ωt} = +∞.
Since the flow (1.1) preserves the the closedness of ωt and αt, it follows that
[ωt] = [ω] and [αt] = [α] (cf. [11]) under the cohomological condition
(1.3) − 2πc1(X) + [α] = [ω].
By ∂∂-lemma, we write
(1.4) ωt = ω+
√−1∂∂ϕt, αt = α+
√−1∂∂ ft
for smooth functions ϕt and ft on X. By (1.3), we have
(1.5) ω = α+
√−1∂∂ lnΩ
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for a smooth volume form Ω on X. Therefore, the flow (1.1) is equivalent to the fol-
lowing parabolic complex Monge-Ampe`re equation coupled with the heat equa-
tion
(1.6) ∂tϕt = ln
(ω+
√−1∂∂ϕt)n
Ω
− ϕt + ft, ∂t ft = ∆ωt ft + trωtα,
with (ϕ0, f0) = (0, 0), where ∆ωt denotes the complex Laplacian on X. The follow-
ing long time existence result is obtained by assuming (1.3).
Theorem 1.2. ([11]) Under the condition (1.3), if α is nonnegative, and the Ricci curva-
ture of ωt and |αt|ωt are uniformly bounded on [0, T) with T < +∞, then the solution
(ωt, αt) of (1.1) extends past time T.
Inspired by M theory, Teng Fei, Bin Guo and D. H. Phong in [5] introduced the
κ-LYZ flow :
(1.7) ∂tωt = −Ric(ωt) + λωt + αt, ∂tαt = κωtαt, (ω0, α0) = (ω, α),
with constants κ > 0 and λ ∈ R. When (κ, λ) = (1,−1), the flow (1.7) reduces to
(1.1). Assume the cohomology condition
(1.8) − 2πc1(X) + [α] + λ[ω] = 0.
For κ 6= 1, they proved that higher order estimates for (ωt, αt) follow from C0
estimate for (ω, α). Moreover, they derived very interesting convergence results.
For example, on the Riemann surface with negative Euler characteristic, the κ-LYZ
flow converges in C∞ topology to the cscK metric in the case of κ 6= 1. Discovered
by Fei-Guo-Phong, the κ-LYZ flow, as the simplest model in the coupled Ricci flow
in Ka¨hler geometry, can also be viewed as an Abelian model for the Anomaly flow
[PPZ1-2]. We believe that the κ-LYZ flow is a natural geometric flow in Ka¨hler
geometry.
We were asked by the referee of [11] whether the nonnegativity of α in Theorem
1.2 can be removed. Motivated by this question, in this paper, we consider the
long time existence of the flow (1.7) without assuming the condition 1.3 and the
nonnegativity of α. Our main theorem is as follows.
Theorem 1.3. Let (X,ω) be a closed Ka¨hler manifold of complex dimension n. If the
solution (ωt, αt)t∈[0,T) of (1.7), for T < +∞, satisfies
sup
X×[0,T)
{|Ric(ωt)|ωt , |αt|ωt} ≤ C1
for some C1 > 0, then there exists C2 > 0, depending only on C1, n, T, κ, λ, as well as
(ω, α), such that |Rm(ωt)|ωt ≤ C2.
As a consequence, we can generalize Theorem 1.2 above.
Corollary 1.4. Let (ωt, αt) be the solution to (1.7) on t ∈ [0, Tmax) under the condition
(1.8) for some maximal time Tmax > 0. If Tmax < +∞, then
(1.9) lim sup
t→Tmax
max
X
{|Ric(ωt)|ωt , |αt|ωt} = +∞.
Proof. When κ 6= 1, the statement actually follows from Theorem 1 in [5]. For
κ = 1, we argue by contradiction. Supose that |Ric(ωt)|ωt and |αt|ωt are uniformly
bounded along the flow (1.7) for t ∈ [0, Tmax). By Theorem 1.3 above, |Rm(ωt)|ωt
is also uniformly bounded. This contradicts with Theorem 1.1. 
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Remark 1.5. (1) Under the condition (1.8), Theorem 1.3 is already obtained in
[5]. In fact, stronger estimates are obtained there.
(2) If κ = 1, Corollary 1.4 holds without the assumption (1.8).
The strategy of proving Theorem 1.3 is to consider the local curvature estimates
for (1.7), inspired from the work of Kotschwar, Munteanu, andWang [8]. Actually,
the result in Theorem 1.3 holds for a class of geometric flows introduced in the
next section (see Theorem 2.1). We expect our study in the κ-LYZ flow would be
beneficial to other coupled geometric flows.
2. BASIC EQUATIONS
In [11], we have computed
∂tgij = −Rij − gij + αij,
∂tαij = ∆ωtαij + g(t)
−1 ∗ g(t)−1 ∗ Rmg(t) ∗ αij − g(t)−1 ∗ Ricg(t) ∗ αij.
Here A ∗ B can be any linear combination of tensor products of tensors fields A
and B formed by contractions on Ai1···ik and Bj1···jℓ using the metric g.
Motivated by (1.1) and (1.7), we consider the system of equations on a Riemann-
ian manifold (M, g0) of dimension n:
∂tgij = −2Rij + (agij + bαij),(2.1)
∂tαij = κ∆g(t)αij + (g
−1 ∗ g−1 ∗ Rm ∗ α+ g−1 ∗ Ric ∗ α).(2.2)
Here a, b are two given constants, and κ > 0 is a positive constant. Let Tmax be the
maximal time of the system (2.2), and take T ∈ (0, Tmax).
Theorem 2.1. Let (M, g) be a closed Riemannian manifold of dimension n and α be a 2-
form on M. If the solution (g(t), α(t))t∈[0,T] of (2.1) - (2.2) with initial data (g(0), α(0)) =
(g, α), where T is finite, satisfies that |Ric(g(t))|g(t) and |α(t)|g(t) are uniformly bounded,
then |Rm(g(t))|g(t) is also uniformly bounded.
In fact, the uniform bound for |Rm(g(t))|g(t) in Theorem 2.1 depends only on
maxM |Ric(g(t))|g(t), maxM |α(t)|g(t), g, α, T, n, a, b, κ. The explicit uniform bound
will be obtained in the following proof.
Let us temporarily denote
ηij := −2Rij + ǫij, ǫij := agij + bαij, βij := g−1 ∗ g−1 ∗ Rm ∗ α+ g−1 ∗ Ric ∗ α.
We have the following general equations
∂tgij = ηij = −2Rij + ǫij, ∂tαij = κ∆g(t)αij + βij.
Basic facts are (see for example [4]):
∂tR
ℓ
ijk =
1
2
gℓp(∇i∇jηkp +∇i∇kηjp −∇i∇pηjk
− ∇j∇iηkp −∇j∇kηip +∇j∇pηik),
∂tRjk =
1
2
gpq(∇q∇jηkp +∇q∇kηjp −∇q∇pηjk −∇j∇kηqp),
∂tRg(t) = −∆g(t)trg(t)η(t) + divg(t)
(
divg(t)η(t)
)
− Rijηij,
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where (divg(t)η(t))j := ∇iηij is the divergence of η(t). The following four lemmas
can be found in [4] (slightly modified).
Lemma 2.2. For ηij = −2Rij + (agij + bαij), we have
(2.3) ∂tR
ℓ
ijk = g
−1 ∗ ∇2Ric+ g−1 ∗ Rm ∗ Ric+ (g−1 ∗ ∇2α+ g−1 ∗ Rm ∗ α).
Lemma 2.3. For ηij = −2Rij + (agij + bαij), we have
(2.4) ∂tdV =
(
−R+ an
2
+
b
2
trα
)
dV.
Set
 ≡ g(t) := ∂t − ∆g(t) ≡ ∂t − ∆.
Lemma 2.4. For ηij = −2Rij + (agij + bαij), we have
(2.5) R = |Ric|2 +
(
−b∆trα− aR− bRijαij + b∇i∇jαji
)
.
Lemma 2.5. One has
Rij = −2RikRk j + 2RpijqRpq
+
b
2
(
−∆αij +∇k∇iαjk +∇k∇jαik −∇i∇jtrα
)
.(2.6)
In particular,
|Ric|2 = −2|∇Ric|2 + 2RijRij + 2RijRiq∂tgjq
= −2|∇Ric|2 + 4RpijqRijRpq − 2a|Ric|2(2.7)
+ bRij
(
−∆αij +∇k∇iαjk +∇k∇jαik −∇i∇jtrα− 2Rikαkj
)
and
|∇Ric|2 ≤ −1
2
|Ric|2 + C|Ric|2|Rm| − a|Ric|2 + C|b||Ric|2|α|
− b
2
Rij
(
∆αij −∇k∇iαjk −∇k∇jαik +∇i∇jtrα
)
.(2.8)
Lemma 2.6. One has
∂t|Rm|2 = ∇2Ric ∗ Rm+ Ric ∗ Rm ∗ Rm
+
(
Rm ∗ Rm+ Rm ∗ ∇2α+ Rm ∗ Rm ∗ α
)
.(2.9)
Lemma 2.7. For ∂tgij = −2Rij + agij + bαij, one has
Rijkℓ = 2(Bijkℓ− Bijℓk + Bikjℓ− Biℓjk)
− (RipRpjkℓ + RjpRipkℓ + Rk pRijpℓ+ RℓpRijkp)(2.10)
+ C∇2α+ Rm ∗ α+ aRijkℓ + bαℓpRpijk.
Here Bijkℓ = −RpijqRpkℓq.
In particular,
|∇Rm|2 ≤ −1
2
|Rm|2 + C|Rm|3
+ C
(
Rm ∗ Rm+ Rm ∗ Rm ∗ α+ Rm ∗ ∇2α
)
.(2.11)
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Lemma 2.8. One has
(∂t − κ∆)|α|2 = −2κ|∇α|2 + g∗−2 ∗ Rm ∗ α∗2 + g−1 ∗ Ric ∗ α∗2
+ g∗−4 ∗ g ∗ Ric ∗ α∗2 − 2a|α|2 + g∗−4 ∗ g ∗ α∗3.(2.12)
In particular we have
(2.13) |∇α|2 ≤ − 1
2κ
(∂t − κ∆)|α|2 − a
κ
|α|2 + C
(
|Rm||α|2 + |Ric||α|2 + |α|3
)
.
3. THE MAIN INEQUALITY
We consider the system (2.1) – (2.2) and the condition
(3.1) |Ric(g(t))|g(t) ≤ K, |α(t)|g(t) ≤ L, t ∈ [0, T] with T ∈ (0, Tmax),
where Tmax is the maximal time of the system (2.1) – (2.2). Then all metrics are
equivalent to g(0). Moreover, from (2.4), (2.8), (2.9), (2.11), and (2.13), we get
(3.2) |∇Ric|2 ≤ −1
2
|Ric|2 + CK2|Rm|+ CK2L+ Ric ∗ ∇2α+ Ric ∗ ∇2trα,
(3.3) |∇Rm|2 ≤ −1
2
|Rm|2 + C|Rm|3 + C|Rm|2 + CL|Rm|2 + Rm ∗ ∇2α,
∂t|Rm|2 = ∇2Ric ∗ Rm+ Ric ∗ Rm ∗ Rm
+
(
Rm ∗ Rm+ Rm ∗ ∇2α+ Rm ∗ Rm ∗ α
)
,(3.4)
(3.5) |∇α|2 ≤ − 1
2κ
(∂t − κ∆)|α|2 + CL2|Rm|+ CL2(1+ K + L),
(3.6) ∂tdVt ≤ C(1+ K+ L)dVt.
Now we consider the quantity
(3.7)
d
dt
(∫
|Rm|pφ2pdVt
)
,
∫
:=
∫
M
, p ≥ 3,
where φ = φ(x) is a cutoff function with compact support inside M. Using the
identity
∂t|Rm|p = ∂t
(
|Rm|2
)p/2
=
p
2
|Rm|p−2∂t|Rm|2
and (3.4) we obtain
d
dt
(∫
|Rm|pφ2pdVt
)
=
∫
(∂t|Rm|p) φ2pdVt +
∫
|Rm|pφ2p(∂tdVt)
=
∫
p
2
|Rm|p−2
(
∂t|Rm|2
)
φ2pdVt +
∫
|Rm|pφ2p(∂tdVt)
=
∫
|Rm|pφ2p(∂tdVt) + p
2
∫
|Rm|p−2
(
∇2Ric ∗ Rm+ Ric ∗ Rm ∗ Rm
+ Rm ∗ Rm+ Rm ∗ Rm ∗ α+ Rm ∗ ∇2α
)
φ2pdVt
≤ Cp(1+ K+ L)
∫
|Rm|pφ2pdVt + Cp
∫ (
∇2Ric ∗ Rm
)
|Rm|p−2φ2pdVt
+ Cp
∫ (
∇2α ∗ Rm
)
|Rm|p−2φ2pdVt.
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The last two integrals can be simplified as follows.
C
∫ (
∇2Ric ∗ Rm
)
|Rm|p−2φ2pdVt = C
∫
∇Ric ∗
(
∇Rm ∗ |Rm|p−2 ∗ φ2p
+ Rm ∗ ∇|Rm|p−2 ∗ φ2p + Rm ∗ |Rm|p−2 ∗ ∇φ2p
)
dVt
≤ Cp
∫
|∇Ric||∇Rm||Rm|p−2φ2pdVt + Cp
∫
|∇Ric||∇φ||Rm|p−1φ2p−1dVt
≤ Cp
∫ (
|∇Ric||Rm| p−12 φp
) (
|∇Rm||Rm| p−32 φp
)
dVt
+ Cp
∫ (
|∇Ric||Rm| p−12 φp
) (
|∇φ||Rm| p−12 φp−1
)
dVt
≤ 1
pK
∫
|∇Ric|2|Rm|p−1φ2pdVt + Cp3K
∫
|∇Rm|2|Rm|p−3φ2pdVt
+ Cp3K
∫
|∇φ|2|Rm|p−1φ2p−2dVt.
Similarly,
C
∫ (
∇2α ∗ Rm
)
|Rm|p−2φ2pdVt = C
∫
∇α ∗
(
∇Rm ∗ |Rm|p−2 ∗ φ2p
+ Rm ∗ ∇|Rm|p−2 ∗ φ2p + Rm ∗ |Rm|p−2 ∗ ∇φ2p
)
dVt
≤ Cp
∫
|∇α||∇Rm||Rm|p−2φ2pdVt + Cp
∫
|∇α||∇φ||Rm|p−1φ2p−1dVt
≤ 1
pK
∫
|∇α|2|Rm|p−1φ2pdVt + Cp3K
∫
|∇Rm|2|Rm|p−3φ2pdVt
+ Cp3K
∫
|∇φ|2|Rm|p−1φ2p−2dVt.
Hence
d
dt
(∫
|Rm|pφ2pdVt
)
≤ 1
K
∫
|∇Ric|2|Rm|p−1φ2pdVt
+ Cp4K
∫
|∇Rm|2|Rm|p−3φ2pdVt + Cp4K
∫
|Rm|p−1|∇φ|2φ2p−2dVt
+ Cp(1+ K+ L)
∫
|Rm|pφ2pdVt + 1
K
∫
|∇α|2|Rm|p−1φ2pdVt.
Introduce bad terms
B1 :=
1
K
∫
|∇Ric|2|Rm|p−1φ2pdVt, B2 :=
∫
|∇Rm|2|Rm|p−3φ2pdVt,
B3 :=
1
K
∫
|∇α|2|Rm|p−1φ2pdVt, B4 := 1K
∫
|∇trα|2|Rm|p−1φ2pdVt ≤ CB3,
B5 :=
∫
|∇α|2|Rm|p−3φ2pdVt.
Define also good terms
A1 :=
∫
|Rm|pφ2pdVt, A2 :=
∫
|Rm|p−1|∇φ|2φ2p−1dVt,
A3 :=
∫
|Rm|p−1φ2pdVt, A4 :=
∫
|Rm|p−1|∇φ|2φ2p−2dVt.
Then
(3.8)
d
dt
A1 ≤ B1 + Cp4KB2 + B3 + Cp4KA4 + Cp(1+ K+ L)A1.
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Claim 1: We have
B1 ≤ Cp2KB2 + Cp2B3 + p2CB4
+ Cp2KA1 + Cp
2K(1+ K+ L)A2 + Cp
2KA4(3.9)
− 1
2K
d
dt
(∫
|Ric|2|Rm|p−1φ2pdVt
)
.
According to (3.2) we obtain
B1 ≤ 1
K
∫ [
1
2
(∆− ∂t)|Ric|2 + CK2|Rm|+ CK2(1+ L) + Ric ∗ ∇2α
+ Ric ∗ ∇2trα
]
|Rm|p−1φ2pdVt = 1
2K
∫ [
(∆− ∂t)|Ric|2
]
|Rm|p−1φ2pdVt
+ CKA1 + CK(1+ L)A2 +
1
K
∫ (
Ric ∗ ∇2α+ Ric ∗ ∇2trα
)
|Rm|p−1φ2pdVt.
We first estimate the last two terms involving higher derivatives of α.
1
K
∫ (
Ric ∗ ∇2α
)
|Rm|p−1φ2pdVt = 1
K
∫
∇α ∗
(
∇Ric ∗ |Rm|p−1 ∗ φ2p
+ Ric ∗ ∇|Rm|p−1 ∗ φ2p + Ric ∗ |Rm|p−1 ∗ ∇φ2p
)
dVt
≤ C
K
∫
|∇α||∇Ric||Rm|p−1φ2pdVt + Cp
∫
|∇Rm||∇α||Rm|p−2φ2pdVt
+ Cp
∫
|∇α||∇φ||Rm|p−1φ2p−1dVt
≤ C
K
∫ (
|∇α||Rm| p−12 φp
) (
|∇Ric||Rm| p−12 φp
)
dVt
+ Cp
∫ (
|∇α||Rm| p−12 φp
) (
|∇Rm||Rm| p−32 φp
)
dVt
+ Cp
∫ (
|∇α||Rm| p−12 φp
) (
|∇φ||Rm| p−12 φp−1
)
dVt
≤ 1
100
B1 + CpB3 + CpKB2 + CpKA4.
The second one can be similarly computed:
1
K
∫ (
Ric ∗ ∇2trα
)
|Rm|p−1φ2pdVt ≤ 1
100
B1 + CpB4 + CpKB2 + CpKA4.
To deal with the term
1
2K
∫ [
(∆− ∂t)|Ric|2
]
|Rm|p−1φ2pdVt,
we calculate
1
2K
∫ [
(∆− ∂t)|Ric|2
]
|Rm|p−1φ2pdVt = 1
2K
∫ (
∆|Ric|2
)
|Rm|p−1φ2pdVt
− 1
2K
∫ [
∂t
(
|Ric|2|Rm|p−1φ2pdVt
)
− |Ric|2
(
∂t|Rm|p−1
)
φ2pdVt
− |Ric|2|Rm|p−1φ2p
(
−R+ a
2
n+
b
2
trα
)
dVt
]
≤ − 1
2K
[∫ 〈
∇|Ric|2,∇|Rm|p−1
〉
φ2pdVt +
∫ 〈
∇|Ric|2,∇φ2p
〉
|Rm|p−1dVt
]
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− 1
2K
d
dt
(∫
|Ric|2|Rm|p−1φ2pdVt
)
+
1
2K
∫
|Ric|2
(
∂t|Rm|p−1
)
φ2pdVt
+ CK(1+ K+ L)A2,
where
− 1
2K
∫ 〈
∇|Ric|2,∇|Rm|p−1
〉
φ2pdVt
= − 1
2K
∫ (
2Ric ∗ ∇Ric ∗ p− 1
2
|Rm|p−3 ∗ 2Rm ∗ ∇Rm
)
φ2pdVt
≤ Cp
K
∫
|Ric||∇Ric||Rm|p−2|∇Rm|φ2pdVt
≤ Cp
∫ (
|∇Ric||Rm| p−12 φp
) (
|∇Rm||Rm| p−32 φp
)
dVt ≤ 1
100
B1 + Cp
2KB2
and
− 1
2K
∫ 〈
∇|Ric|2,∇φ2p
〉
|Rm|p−1dVt
= − 1
2K
∫ (
2Ric ∗ ∇Ric ∗ 2pφ2p−1∇φ
)
|Rm|p−1dVt
≤ Cp
∫
|∇Ric||∇φ||Rm|p−1φ2p−1dVt ≤ 1
100
B1 + Cp
2KA4
and, using (3.4),
1
2K
∫
|Ric|2
(
∂t|Rm|p−1
)
φ2pdVt =
p− 1
4K
∫
|Ric|2
(
|Rm|p−3∂t|Rm|2
)
φ2pdVt
=
Cp
K
∫
|Ric|2|Rm|p−3φ2p
[
∇2Ric ∗ Rm+ Ric ∗ Rm ∗ Rm
+ Rm ∗ Rm+ Rm ∗ Rm ∗ α+ Rm ∗ ∇2α
]
dVt
≤ Cp
K
∫ (
∇2Ric ∗ Rm
)
|Ric|2|Rm|p−3φ2pdVt
+ CpK(1+ K+ L)A2 +
Cp
K
∫ (
Rm ∗ ∇2α
)
|Ric|2|Rm|p−3φ2pdVt.
Here, under the same method,
Cp
K
∫ (
Rm ∗ ∇2α
)
|Ric|2|Rm|p−3φ2pdVt = Cp
K
∫
∇α ∗
(
∇Rm ∗ |Ric|2|Rm|p−3φ2p
+ Rm ∗ ∇|Ric|2 ∗ |Rm|p−3 ∗ φ2p + Rm ∗ |Ric|2 ∗ ∇|Rm|p−3 ∗ φ2p
+ Rm ∗ |Ric|2 ∗ |Rm|p−3 ∗ ∇φ2p
)
dVt ≤ Cp
∫
|∇α||∇Rm||Rm|p−2φ2pdVt
+
Cp
K
∫
|∇α||∇Ric||Rm|p−1φ2pdVt + Cp
∫
|∇α||∇φ||Rm|p−1φ2p−1dVt
≤ 1
100
B1 + Cp
2B3 + Cp
2KB2 + Cp
2KA4
and
Cp
K
∫
|Ric|2|Rm|p−3φ2p
(
∇2Ric ∗ Rm
)
dVt
=
Cp
K
∇Ric ∗ ∇
(
|Ric|2|Rm|p−3φ2p ∗ Rm
)
dVt
=
Cp
K
∫
∇Ric ∗
(
Ric ∗ ∇Ric ∗ |Rm|p−3φ2p ∗ Rm+ |Ric|2|Rm|p−4∇Rm ∗ φ2pRm
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+ |Ric|2|Rmp−3φ2p−1∇φ ∗ Rm+ |Ric|2|Rm|p−3 ∗ φ2p∇Rm
)
dVt
≤ Cp
∫
|∇Ric|2|Rm|p−2φ2pdVt + Cp
∫
|∇Ric||∇Rm||Ric||Rm|p−3φ2pdVt
+
Cp
K
∫
|∇Ric||∇φ||Ric|2|Rm|p−2φ2p−1dVt ≤ 1
100
B1 + Cp
2KB2 + Cp
2KA4.
Therefore
1
2K
∫
|Ric|2
(
∂t|Rm|p−1
)
φ2pdVt ≤ 1
100
B1 + Cp
2KB2 + Cp
2KA4
+ CpK(1+ K+ L)A2 +
1
100
B1 + Cp
2B3 + Cp
2KB2 + Cp
2KA4
≤ 2
100
B1 + Cp
2KB2 + Cp
2B3 + CpK(1+ K+ L)A2 + Cp
2KA4.
Combining all estimates (3.9) follows.
Claim 2: We have
B2 ≤ Cp2A1 + Cp2(1+ K+ L)A2 + Cp2A4
+ Cp2B5 − 1
p− 1
d
dt
(∫
|Rm|p−1φ2pdVt
)
.(3.10)
From (3.3) we obtain
B2 =
∫
|∇Rm|2|Rm|p−3φ2pdVt ≤
∫ [
1
2
(∆− ∂t)|Rm|2 + C|Rm|3 + C|Rm|2
+ CL|Rm|2 + Rm ∗ ∇2α
]
|Rm|p−3φ2pdVt
=
1
2
∫ (
∆|Rm|2
)
|Rm|p−3φ2pdVt − 1
2
∫ (
∂t|Rm|2
)
|Rm|p−3φ2pdVt
+ CA1 + C(1+ L)A2 +
∫ (
Rm ∗ ∇2α
)
|Rm|p−3φ2pdVt.
Since ∫ (
Rm ∗ ∇2α
)
|Rm|p−3φ2pdVt =
∫
∇α ∗
(
∇Rm ∗ |Rm|p−3 ∗ φ2p
+ Rm ∗ ∇|Rm|p−3 ∗ φ2p + Rm ∗ |Rm|p−3 ∗ ∇φ2p
)
dVt
≤ C
∫
|∇α||∇Rm||Rm|p−3φ2pdVt + Cp
∫
|∇α||∇Rm||Rm|p−3φ2pdVt
+ Cp
∫
|∇α||∇φ||Rm|p−2φ2p−1dVt
≤ Cp
∫ (
|∇α||Rm| p−32 φp
) (
|∇Rm||Rm| p−32 φp
)
dVt
+ Cp
∫ (
|∇α||Rm| p−32 φp
) (
|∇φ||Rm| p−12 φp−1
)
dVt ≤ 1
100
B2 + Cp
2B5 + CA4
and (since p ≥ 3)
1
2
∫ (
∆|Rm|2
)
|Rm|p−3φ2pdVt = −1
2
∫ 〈
∇|Rm|2,∇
(
|Rm|p−3φ2p
)〉
dVt
= −1
2
∫
2Rm ∗ ∇Rm ∗
(
|Rm|p−3 ∗ 2pφ2p−1 ∗ ∇φ
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+ φ2p ∗ p− 3
2
|Rm|p−5 ∗ 2Rm∇Rm
)
dVt
≤ Cp
∫
|∇Rm||∇φ||Rm|p−2φ2p−1dVt − (p− 3)
∫
|∇Rm|2|Rm|p−3φ2pdVt
≤ Cp
∫
|∇Rm||∇φ||Rm|p−2φ2p−1dVt
= Cp
∫ (
|∇Rm||Rm| p−32 φp
) (
|∇φ||Rm| p−12 φp−1
)
dVt ≤ 1
100
B2 + Cp
2A4,
we arrive at
B2 ≤ 1
100
B2 + Cp
2A4 + CA1 + C(1+ L)A2
+
1
100
B2 + Cp
2B5 + CA4 − 1
2
∫ (
∂t|Rm|2
)
|Rm|p−3φ2pdVt.
Therefore
B2 ≤ CA1 + C(1+ L)A2 + Cp2A4 + Cp2B5 − 1
2
∫ (
∂t|Rm|2
)
|Rm|p−3φ2pdVt.
We now estimate the last integral. Direct computation shows
−1
2
∫ (
∂t|Rm|2
)
|Rm|p−3φ2pdVt = −1
2
∫ [
∂t
(
|Rm|2|Rm|p−3φ2pdVt
)
− |Rm|2
(
∂t|Rm|p−3
)
φ2pdVt − |Rm|p−1φ2p (∂tdVt)
]
= −1
2
d
dt
(∫
|Rm|p−1φ2pdVt
)
+
p− 3
4
∫
|Rm|p−3
(
∂t|Rm|2
)
φ2pdVt
+
1
2
∫
|Rm|p−1φ2p
(
−R+ an
2
+
b
2
trα
)
dVt.
Thus
−1
2
∫ (
∂t|Rm|2
)
|Rm|p−3φ2pdVt ≤ C
p− 1 (1+ K+ L)A2
− 1
p− 1
d
dt
(∫
|Rm|p−1φ2pdVt
)
.
This implies (3.10).
Claim 3: We have
B3 ≤ CL
2
K
A1 + Cp
L2
K
(1+ K+ L)A2 + Cp
2 L
2
K
A4
+ Cp2
L2
K
B2 + Cp
2 L
2
K
B5 − 12K
d
dt
(∫
|α|2|Rm|p−1φ2pdVt
)
.(3.11)
Using (3.5) implies
B3 ≤ 1
K
∫
|Rm|p−1φ2p
[
− 1
2κ
(∂t − κ∆)|α|2 + CL2|Rm|+ CL2(1+ K+ L)
]
dVt
=
1
2Kκ
∫
|Rm|p−1φ2p(κ∆− ∂t)|α|2dVt + CL
2
K
A1 + C
L2
K
(1+ K+ L)A2.
The integral involving ∆|α|2 can be simplified as
1
2K
∫
|Rm|p−1φ2p
(
∆|α|2
)
dVt = − 1
2K
∫ 〈
∇|α|2,∇
(
|Rm|p−1φ2p
)〉
dVt
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= − 1
2K
∫
α ∗∇α ∗
[
(p− 1)|Rm|p−3 ∗ Rm ∗ ∇Rm ∗ φ2p + 2p|Rm|p−1φ2p−1∇φ
]
dVt
≤ Cp L
K
∫
|∇α||∇Rm||Rm|p−2φ2pdVt + Cp L
K
∫
|∇α||∇φ||Rm|p−1φ2p−1dVt
≤ Cp L
K
∫ (
|∇Rm||Rm| p−32 φp
) (
|∇α||Rm| p−12 φp
)
dVt
+ Cp
L
K
∫ (
|∇φ||Rm| p−12 φp−1
) (
|∇α||Rm| p−12 φp
)
dVt ≤ 2
100
B3+Cp
L2
K
(B2+A4).
The integral involving ∂t|α|2 can be simplified as
1
2Kκ
∫
|Rm|p−1φ2p
(
−∂t|α|2
)
dVt = − 1
2Kκ
∫ (
∂t|α|2
)
|Rm|p−1φ2pdVt
= − 1
2Kκ
∫ [
∂t
(
|α|2|Rm|p−1φ2pdVt
)
− |α|2
(
∂t|Rm|p−1
)
φ2pdVt − |α|2|Rm|p−1φ2p(∂tdVt)
]
= − 1
2Kκ
d
dt
(∫
|α|2|Rm|p−1φ2pdVt
)
+
p− 1
4Kκ
∫
|α|2|Rm|p−3
(
∂t|Rm|2
)
φ2pdVt
+
1
2Kκ
∫
|α|2|Rm|p−1φ2p
(
−R+ an
2
+
b
2
trα
)
dVt
≤ − 1
2Kκ
d
dt
(∫
|α|2|Rm|p−1φ2pdVt
)
+C
L2
K
(1+K+ L)A2+
p− 1
4Kκ
∫
|α|2|Rm|p−3(
∇2Ric ∗ Rm+ Ric ∗ Rm ∗ Rm+ Rm ∗ Rm+ Rm ∗ Rm ∗ α+ Rm ∗ ∇2α
)
φ2pdVt
≤ − 1
2Kκ
d
dt
(∫
|α|2|Rm|p−1φ2pdVt
)
+ Cp
L2
K
(1+ K+ L)A2
+
p− 1
4Kκ
∫ (
Rm ∗ ∇2Ric+ Rm ∗ ∇2α
)
|α|2|Rm|p−3φ2pdVt
using (3.4). As before, we should estimate the integrals involving higher deriva-
tives. Because p ≥ 3,
p− 1
4Kκ
∫
|α|2|Rm|p−3
(
Rm ∗ ∇2Ric
)
φ2pdVt
=
p− 1
4Kκ
∫
∇Ric ∗ ∇
(
|α|2|Rm|p−3 ∗ Rm ∗ φ2p
)
dVt =
p− 1
4Kκ
∫
∇Ric∗(
2α ∗ ∇α ∗ |Rm|p−3 ∗ Rm ∗ φ2p + |α|2 ∗ p− 3
2
|Rm|p−5 ∗ 2Rm ∗ ∇Rm ∗ Rm ∗ φ2p
+ |α|2|Rm|p−3 ∗ ∇Rm ∗ φ2p + |α|2|Rm|p−3 ∗ Rm ∗ 2pφ2p−1∇φ
)
dVt
≤ Cp L
K
∫
|∇Ric||∇α||Rm|p−2φ2pdVt + Cp2 L
2
K
∫
|∇Ric||∇Rm||Rm|p−3φ2pdVt
+ Cp2
L2
K
∫
|∇Ric||∇φ||Rm|p−2φ2p−1dVt
≤ Cp L
K
∫ (
|∇α||Rm| p−12 φp
) (
|∇Ric||Rm| p−32 φp
)
dVt
+ Cp2
L2
K
∫ (
|∇Rm||Rm| p−32 φp
) (
|∇Ric||Rm| p−32 φp
)
dVt
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+ Cp2
L2
K
∫ (
|∇φ||Rm| p−12 φp−1
) (
|∇Ric||Rm| p−32 φp
)
dVt
≤ 1
100
B3 + Cp
2 L
2
K
B2 + Cp
2 L
2
K
A4.
Similarly,
p− 1
4Kκ
∫
|α|2|Rm|p−3
(
Rm ∗ ∇2α
)
φ2pdVt =
p− 1
4Kκ
∫
∇α∗
(
2α ∗ ∇α ∗ |Rm|p−3 ∗ Rm ∗ φ2p + |α|2 ∗ p− 3
2
|Rm|p−5 ∗ 2Rm ∗ ∇Rm ∗ Rm ∗ φ2p
+ |α|2|Rm|p−3 ∗ ∇Rm ∗ φ2p + |α|2|Rm|p−3 ∗ Rm ∗ 2pφ2p−1∇φ
)
dVt
≤ Cp L
K
∫
|∇α|2|Rm|p−2φ2pdVt + Cp2 L
2
K
∫
|∇α||∇Rm||Rm|p−3φ2pdVt
+ Cp2
L2
K
∫
|∇α||∇φ||Rm|p−2φ2p−1dVt
≤ Cp L
K
∫ (
|∇α||Rm| p−12 φp
) (
|∇α||Rm| p−32 φp
)
dVt
+ Cp2
L2
K
∫ (
|∇α||Rm| p−32 φp
) (
|∇Rm||Rm| p−32 φp
)
dVt
+ Cp2
L2
K
∫ (
|∇α||Rm| p−32 φp
) (
|∇φ||Rm| p−12 φp−1
)
dVt
≤ 1
100
B3 + Cp
2 L
2
K
B5 + Cp
2 L
2
K
B2 + Cp
2 L
2
K
A4.
Those estimates yield (3.11).
Claim 4: We have
(3.12) B4 ≤ CB3.
It follows from the definitions.
Finally, we estimate the term B5.
Claim 5: We have
B5 ≤ − d
dt
[
1
Cp4L2
∫
|α|2|Rm|p−1φ2pdVt + 1
p2(p− 1)
∫
|Rm|p−1φ2pdVt
]
(3.13) − d
dt
[
C
p−1
2 p2(p−3)Lp−3
K
p−3
2
∫
|α|2φ2p
]
+ CA1 + C
(
1+ K+ L+
K
p4L2
)
A2
+
C
p−1
2 p2(p−3)Lp−1
K
p−3
2
∫
|∇φ|2φ2p−2dVt + CA4
+
C
(p−1)2
2(p−2) p
2
p2−4p+5
p−2 (1+ K+ L)
(K ∧ 1) 12 (p−2+ 1p−2 )
(L ∨ 1)p+2+ 1p−2
∫
φ2pdVt.
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Here K ∧ 1 := min{K, 1} and L ∨ 1 := max{L, 1}. For any η > 0, we have
B5 =
∫
|∇α|2|Rm|p−3φ2pdVt ≤ η
∫
|∇α|2|Rm|p−1φ2pdVt+
(
p−3
p−1
) p−1
2
η
p−3
2
∫
|∇α|2φ2pdVt
= ηB3 +
(
p−3
p−1
) p−1
2
η
p−3
2
∫
|∇α|2φ2pdVt ≤ ηB3 + 1
η
p−3
2
∫
|∇α|2φ2pdVt
because, 0 ≤ p−3p−1 < 1, and for any ǫ > 0,
|Rm|p−3φ2p =
(
ǫ|Rm|p−3φ
p−3
p−12p · 1
ǫ
φ
2
p−12p
)
≤ p− 3
p− 1
(
ǫ|Rm|p−3φ
p−3
p−12p
) p−1
p−3
+
2
p− 1
(
1
ǫ
φ
2
p−12p
) p−1
2
≤ p− 3
p− 1ǫ
p−1
p−3 |Rm|p−1φ2p + 2
p− 1
1
ǫ
p−1
2
φ2p.
Using (2.13) yields
B5 ≤ ηB3 + 1
η
p−3
2
∫
φ2p
[
1
2κ
(κ∆− ∂t)|α|2 + CL2|Rm|+ CL2(1+ K+ L)
]
dVt
≤ ηB3 + C
η
p−3
2
∫
L2(1+ K+ L)φ2pdVt
+
C
η
p−3
2 2κ
∫
φ2p(κ∆− ∂t)|α|2dVt + CL
2
η
p−3
2
∫
|Rm|φ2pdVt.
To estimate the integral involving |Rm|φ2p, we observe for p ≥ 3 that
|Rm|φ2p =
(
ǫ|Rm|φ
2p
p−1
)(
1
ǫ
φ
2p
p−2
p−1
)
≤ 1
p− 1
(
ǫ|Rm|φ
2p
p−1
)p−1
+
p− 2
p− 1
(
1
ǫ
φ
2p
p−2
p−1
) p−1
p−2
=
ǫp−1
p− 1 |Rm|
p−1φ2p + p− 2
p− 1
1
ǫ
p−1
p−2
φ2p.
Letting η′ := ǫp−1/(p− 1), it follows that
|Rm|φ2p ≤ η′|Rm|p−1φ2p + p− 2
p− 1
1
(p− 1) 1p−2
1
η′
1
p−2
φ2p
≤ η′|Rm|p−1φ2p + 1
η′
1
p−2
φ2p.(3.14)
Therefore
CL2
η
p−3
2
∫
|Rm|φ2pdVt ≤ CL
2
η
p−3
2

η′ ∫ |Rm|p−1φ2pdVt + 1
η′
1
p−2
∫
φ2pdVt


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≤ CL
2η′
η
p−3
2
∫
|Rm|p−1φ2pdVt + CL
2
η
p−3
2 η′
1
p−2
∫
φ2pdVt.
Choosing particularly η′ := η
p−1
2 /CL2, it follows that
CL2
η
p−3
2
∫
|Rm|φ2pdVt ≤ η
∫
|Rm|p−1φ2pdVt + (CL
2)
p−1
p−2
η
p−3
2 +
p−1
2(p−2)
∫
φ2pdVt.
Since 2 < 2
p−1
p−2 ≤ 4 (p ≥ 3), it follows that
B5 ≤ ηB3 + ηA2 + CL
2(1+ K+ L)
η
p−3
2
∫
φ2pdVt
+
(CL2)
p−1
p−2
η
p−3
2 +
p−1
2(p−2)
∫
φ2pdVt +
C
η
p−3
2 2κ
∫
φ2p(∆− ∂t)|α|2dVt
≤ ηB3 + ηA2 + CL
2(1+ K+ L)
η
p−3
2
∫
φ2pdVt +
C(L ∨ 1)4
η
p−3
2 +
p−1
2(p−2)
∫
φ2pdVt
+
C
η
p−3
2 2κ
∫
φ2p(κ∆− ∂t)|α|2dVt.
To estimate the last integral we start with∫ (
∆|α|2
)
φ2pdVt = −
∫ 〈
∆|α|2,∇φ2p
〉
dVt = −
∫ 〈
2α∇α, 2pφ2p−1∇φ
〉
dVt
= −4p
∫
αφ2p−1〈∇α,∇φ〉dVt ≤ Cp
∫
|α||∇α|φp|∇φ|φp−1dVt
≤ ǫ
∫
|∇α|2φ2pdVt + Cp
2
ǫ
∫
|α|2|∇φ|2φ2p−2dVt
≤ Cp
2L2
ǫ
∫
|∇φ|2φ2p−2dVt
+ ǫ
∫
φ2p
[
1
2κ
(κ∆− ∂t)|α|2 + CL2|Rm|+ CL2(1+ K+ L)
]
dVt.
Together with∫ (
−∂t|α|2
)
φ2pdVt = − d
dt
(∫
|α|2φ2pdVt
)
+
∫
|α|2φ2p∂tdVt
≤ C(1+ K+ L)
∫
|α|2φ2pdVt − d
dt
[∫
|α|2φ2pdVt
]
,
we arrive at
1
κ
∫
[(κ∆− ∂t)|α|2]φ2pdVt ≤ ǫ
2κ
∫
φ2p[(κ∆− ∂t)|α|2]dVt+ Cp
2L2
ǫ
∫
|∇φ|2φ2p−2dVt
+ C(1+ ǫ)L2(1+ K+ L)
∫
φ2pdVt + CǫL
2
∫
φ2p|Rm|dVt − d
dt
[
1
κ
∫
|α|2φ2pdVt
]
.
Therefore (taking ǫ = 1)∫ [
(κ∆− ∂t)|α|2
]
φ2pdVt ≤ Cp2L2
∫
|∇φ|2φ2p−2dVt + CL2(1+ K+ L)
∫
φ2pdVt
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+ CL2
∫
|Rm|φ2pdVt − d
dt
[
2
∫
|α|2φ2pdVt
]
≤ Cp2L2
∫
|∇φ|2φ2p−2dVt + CL2(1+ K+ L)
∫
φ2pdVt
+ CL2ηA2 +
CL2
η
1
p−2
∫
φ2pdVt − d
dt
[
2
∫
|α|2φ2pdVt
]
using (3.14), where η is any positive number. Consequently
B5 ≤ ηB3 + ηA2 +

CL2(1+ K+ L)
η
p−3
2
+
C(L ∨ 1)4
η
p−3
2 +
p−1
2(p−2)

 ∫ φ2pdVt + CL2η
η
p−3
2
A2
+
Cp2L2
η
p−3
2
∫
|∇φ|2φ2p−2dVt + CL
2
η
p−3
2 η
1
p−2
∫
φ2pdVt − d
dt
[
C
η
p−3
2
∫
|α|2φ2pdVt
]
.
If we take CL2η/η
p−3
2 = η, then η = η
p−1
2 /CL2 and
CL2
η
p−3
2 η
1
p−2
=
(CL2)
p−1
p−2
η
p−3
2 +
p−1
2(p−2)
.
Hence
(3.15) B5 ≤ ηB3 + 2ηA2 − d
dt
[
C
η
p−3
2
∫
|α|2φ2pdVt
]
+
Cp2L2
η
p−3
2
∫
|∇φ|2φ2p−2dVt +

CL2(1+ K+ L)
η
p−3
2
+
C(L ∨ 1)4
η
p−3
2 +
p−1
2(p−2)

 ∫ φ2pdVt.
From (3.10) and (3.11) we obtain
B3 ≤ − 1
2K
d
dt
[∫
|α|2|Rm|p−1φ2pdVt
]
− p
2
p− 1
CL2
K
d
dt
[∫
|Rm|p−1φ2pdVt
]
(3.16) +
Cp4L2
K
A1 +
Cp4L2
K
(1+ K+ L)A2 +
Cp4L2
K
A4 +
Cp4L2
K
B5.
Plugging (3.16) into (3.15), it follows that
B5 ≤ − η
2K
d
dt
[∫
|α|2|Rm|p−1φ2pdVt
]
− p
2
p− 1
CηL2
K
d
dt
[∫
|Rm|p−1φ2pdVt
]
− d
dt
[
C
η
p−3
2
∫
|α|2φ2pdVt
]
+
Cp4ηL2
K
[A1 + (1+ K+ L)A2 + A4] +
Cp4ηL2
K
B5
+ 2ηA2 +
CL2
η
p−3
2
∫
|∇φ|2φ2p−2dVt+

Cp2L2(1+ K+ L)
η
p−3
2
+
C(L ∨ 1)4
η
p−3
2 +
p−1
2(p−2)

 ∫ φ2pdVt.
Taking η := K/2Cp4L2, we have
Cp4ηL2
K
=
1
2
,
η
2K
=
1
4Cp4L2
,
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and then (C ≥ 1)
B5 ≤ − d
dt
[
1
Cp4L2
∫
|α|2|Rm|p−1φ2pdVt + 1
p2(p− 1)
∫
|Rm|p−1φ2pdVt
]
− d
dt
[
C
p−1
2 p2(p−3)Lp−3
K
p−3
2
∫
|α|2φ2p
]
+ [A1 + (1+ K+ L)A2 + A4] +
4K
Cp4L2
A2
+
C
p−1
2 p2(p−3)Lp−1
K
p−3
2
∫
|∇φ|2φ2p−2dVt
+

C
p−1
2 p2(p−2)Lp−1(1+ K+ L)
K
p−3
2
+
C
(p−1)2
2(p−2) p2
p2−4p+5
p−2 (L ∨ 1)
p2−3
p−2
K
p−3
2 +
p−1
2(p−2)

 ∫ φ2pdVt
≤ − d
dt
[
1
Cp4L2
∫
|α|2|Rm|p−1φ2pdVt + 1
p2(p− 1)
∫
|Rm|p−1φ2pdVt
]
− d
dt
[
C
p−1
2 p2(p−3)Lp−3
K
p−3
2
∫
|α|2φ2p
]
+ A1 + 4
(
1+ K+ L+
K
p4L2
)
A2 + A4
+
C
p−1
2 p2(p−3)Lp−1
K
p−3
2
∫
|∇φ|2φ2p−2dVt
+
C
(p−1)2
2(p−2) p2
p2−4p+5
p−2 (1+ K+ L)
(K ∧ 1) 12 (p−2+ 1p−2 )
(L ∨ 1)p+2+ 1p−2
∫
φ2pdVt.
Here K ∧ 1 := min{K, 1} and L ∨ 1 := max{L, 1}. For convenience, let
(3.17) a1 := 1+ K+ L+
K
p4L2
, a2 :=
Lp−1
K
p−3
2
, a3 :=
(1+ K+ L)(L ∨ 1)p+2+ 1p−2
(K ∧ 1) 12 (p−2+ 1p−2 )
.
Then
B5 ≤ − d
dt
[
1
Cp4L2
∫
|α|2|Rm|p−1φ2pdVt + 1
p2(p− 1)
∫
|Rm|p−1φ2pdVt
]
− d
dt
[
C
p−1
2 p2(p−3)a2
L2
∫
|α|2φ2p
]
+ CA1 + Ca1A2 + CA4
+ C
p−1
2 p2(p−3)a2
∫
|∇φ|2φ2p−2dVt + C
(p−1)2
2(p−2) p
2
p2−4p+5
p−2
a3
∫
φ2pdVt.
Hence from (3.16) we have
B3 ≤ − d
dt
[
C
K
∫
|α|2|Rm|p−1φ2pdVt + p
2
p− 1
CL2
K
∫
|Rm|p−1φ2pdVt
]
− d
dt
[
C
p+1
2 p2(p−1)a2
K
∫
|α|2φ2p
]
+
CL2
K
A1 +
Cp4L2
K
a1A2 +
Cp4L2
K
A4
+
C
p+1
2 p2(p−1)L2
K
a2
∫
|∇φ|2φ2p−2dVt + C
p2−3
2(p−2) p2
(p−1)2
p−2 L2
K
a3
∫
φ2pdVt,
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and from (3.10) we have
B2 ≤ − d
dt
[
C
p2L2
∫
|α|2|Rm|p−1φ2pdVt + C p
2 + 1
p− 1
∫
|Rm|p−1φ2pdVt
]
− d
dt
[
C
p+1
2 p2(p−2)a2
L2
∫
|α|2φ2p
]
+ Cp2A1 + Cp
2
a1A2 + Cp
2A4
+ C
p+1
2 p2(p−2)a2
∫
|∇φ|2φ2p−2dVt + C
p2−3
2(p−2) p2
p2−3p+3
p−2
a3
∫
φ2pdVt.
From (3.9) we see that
B1 ≤ − ddt
[
1
2K
∫
|Ric|2|Rm|p−1φ2pdVt + Cp
4(K2 + L2)
K(p− 1)
∫
|Rm|p−1φ2pdVt
+
Cp2(K2 + L2)
KL2
∫
|α|2|Rm|p−1φ2pdVt + C
p+3
2 p2pa2
K
∫
|α|2φ2pdVt
]
+
Cp4(K2 + L2)
K
A1 +
Cp6(K2 + L2)
K
a1A2 +
Cp6(K2 + L2)
K
A4
+
C
p+3
2 p2p(K2 + L2)
K
a2
∫
|∇φ|2φ2p−2dVt+ C
p2+2p−7
2(p−2) p
2
p2−p−1
p−2 (K2 + L2)
K
a3
∫
φ2pdVt.
Finally, (3.8) yields
A′1 ≤ −
d
dt
[
1
2K
∫
|Ric|2|Rm|p−1φ2pdVt + Cp
6(K2 + L2)
K(p− 1)
∫
|Rm|p−1φ2pdVt
+
Cp2(K2 + L2)
KL2
∫
|α|2|Rm|p−1φ2pdVt + C
p+3
2 p2p(K2 + L2)
KL2
∫
|α|2φ2pdVt
]
+
Cp6(K2 + L2)
K
a1A1 +
Cp6(K2 + L2)
K
a1A2 +
Cp6(K2 + L2)
K
A4
+
C
p+3
2 p2p(K2 + L2)
K
a2
∫
|∇φ|2φ2p−2dVt+ C
p2+2p−7
2(p−2) p
2
p2−p−1
p−2 (K2 + L2)
K
a3
∫
φ2pdVt.
Because
p2 + 2p− 7
2(p− 2) ≤
p
2
,
p2 − p− 1
p− 2 ≤ 2p, p ≥ 3,
it follows that
A′1 ≤ −
d
dt
[
1
2K
∫
|Ric|2|Rm|p−1φ2pdVt + Cp
6(K2 + L2)
K(p− 1)
∫
|Rm|p−1φ2pdVt
+
Cp2(K2 + L2)
KL2
∫
|α|2|Rm|p−1φ2pdVt + C
p+3
2 p2p(K2 + L2)
KL2
∫
|α|2φ2pdVt
]
+
Cp6(K2 + L2)
K
a1A1 +
Cp6(K2 + L2)
K
a1A2 +
Cp6(K2 + L2)
K
A4
+
C
p+3
2 p2p(K2 + L2)
K
a2
∫
|∇φ|2φ2p−2dVt + C
p
2 pp(K2 + L2)
K
a3
∫
φ2pdVt.
18 YI LI AND YUAN YUAN
Introduce the following quantity
(3.18) U ≡ U(t) :=
∫
|Rm|pφ2pdVt + 1
2K
∫
|Ric|2|Rm|p−1φ2pdVt
+
Cp6(K2 + L2)
K(p− 1)
∫
|Rm|p−1φ2pdVt + Cp
2(K2 + L2)
KL2
∫
|α|2|Rm|p−1φ2pdVt
+
C
p+3
2 p2p(K2 + L2)
KL2
∫
|α|2φ2pdVt.
Then
U′ ≤ Cp
6(K2 + L2)
K
(a1U + A4 + a1A2)
+
C
p+3
2 p2p(K2 + L2)
K
a2
∫
|∇φ|2φ2p−2dVt + C
p
2 pp(K2 + L2)
K
a3
∫
φ2pdVt.(3.19)
Assume now that
(3.20) |Ricg(t)|g(t) ≤ K, |α(t)|g(t) ≤ L on Ω = Bg(0)(x0, ρ/
√
K)
on Ω× [0, T], where ρ,K, L are positive constants and x0 ∈ M, and Ω is compactly
contained inM (Mmay not be compact). Consider the cutoff function
(3.21) φ :=
(
ρ/
√
K− dg(0)(x0, ·)
θρ/
√
K
)
+
,
where θ ≥ 1 is any positive constant. Then
e−2(K+|a|+|b|L)tg(0) ≤ g(t) ≤ e2(K+|a|+|b|L)tg(0)
and
|∇g(t)φ|g(t) ≤ e(K+|a|+|b|L)T|∇g(0)φ|g(0) ≤
√
K
θρ
e(K+|a|+|b|L)T
for any t ∈ [0, T]. Set
(3.22) K′ := K+ |a|+ |b|L.
Then
(3.23) e−2K
′tg(0) ≤ g(t) ≤ e2K′tg(0), |∇g(t)φ|g(t) ≤
√
K′
θρ
eK
′T .
By Young’s inequality we have
A4 =
∫
M
|Rm|p−1|∇φ|2φ2p−2dVt
≤
∫
Bg(0)(x0,ρ/
√
K)
|Rm|p−1φ2p−2 K
′
θ2ρ2
e2K
′TdVt
≤
∫
Bg(0)(x0,ρ/
√
K)

 (|Rm|p−1φ2p−2) pp−1
p
p−1
+
(K′(θρ)−2e2K′T)p
p

 dVt
≤ A1 + K
′pe2K′pT
p
(θρ)−2pVolg(t)
(
Bg(0)
(
x0,
ρ√
K
))
≤ U + K′p(θρ)−2pe2K′pTVolg(t)
(
Bg(0)
(
x0,
ρ√
K
))
.
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(3.23) yields∫
M
|∇φ|2φ2p−2dVt ≤ K′θ−2pρ−2e2K′TVolg(t)
(
Bg(0)
(
x0,
ρ√
K
))
and ∫
M
φ2pdVt ≤ θ−2pVolg(t)
(
Bg(0)
(
x0,
ρ√
K
))
.
Therefore from (3.19) and A2 ≤ θ−1A4 ≤ A4, we obtain
U′ ≤ Cp
6(K2 + L2)
K
a1U +
C
p+3
2 p2p(K2 + L2)
θ2pK
×
(
a1K
′pρ−2pe2K
′pT + a2K
′ρ−2e2K
′T + a3
)
Volg(t)
(
Bg(0)
(
x0,
ρ√
K
))
.
According to Young’s inequality, we have
a2K
′ρ−2e2K
′T =
(
p1/pK′ρ−2e2K
′T
)(
a2
p1/p
)
≤ K′pρ−2pe2K′pT + (a2/p
1/p)q
q
≤ K′pρ−2pe2K′pT + aq2 ≤ a1K′pρ−2pe2K
′pT + (a2 ∨ 1)2,
where q = pp−1 ∈ (1, 2) (because p ≥ 3). Consequently
d
dt
U(t) ≤ C
p+3
2 p2p(K2 + L2)
θ2pK
[
a1K
′pρ−2pe2K
′pT + (a2 ∨ 1)2 + a3
]
×Volg(t)
(
Bg(0)
(
x0,
ρ√
K
))
+
Cp6(K2 + L2)
K
a1U(t).(3.24)
For convenience, introduce
A := Cp6
(
1+
K2 + L2
K
)
a1
and
B :=
C
p+3
2 p2p(K2 + L2)
θ2pK
[
a1K
′pρ−2pe2K
′pT + (a2 ∨ 1)2 + a3
]
.
Now the inequality (3.24) becomes
U′(t) ≤ AU(t) + BVolg(t)
(
Bg(0)
(
x0,
ρ√
K
))
and then
(3.25) e−AtU(t) ≤ U(0) +
∫ t
0
Be−AτVolg(τ)
(
Bg(0)
(
x0,
ρ√
K
))
dτ.
Using (3.23) we have that for any τ ∈ [0, t],
g(τ) ≤ e2K′τg(0) ≤ e2K′τe2K′tg(t) ≤ e4K′Tg(t)
and hence
Volg(τ)
(
Bg(0)
(
x0,
ρ√
K
))
≤ e2nK′TVolg(t)
(
Bg(0)
(
x0,
ρ√
K
))
.
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Plugging into (3.25), it follows that
U(t) ≤ eAt
[
U(0) + Be2nK
′TVolg(t)
(
Bg(0)
(
x0,
ρ√
K
)) ∫ t
0
e−Aτdτ
]
≤ eAT
[
U(0) +
B
A
e2nK
′T
(
1− e−At
)
Volg(t)
(
Bg(0)
(
x0,
ρ√
K
))]
(3.26)
≤ eAT
[
U(0) +
B
A
e2nK
′TVolg(t)
(
Bg(0)
(
x0,
ρ√
K
))]
.
Moreover we get
U(t) ≤ eAT
[
U(0) +
B
A
e4nK
′TVolg(T)
(
Bg(0)
(
x0,
ρ√
K
))]
, t ∈ [0, T].
The last step is to estimate the initial data U(0):
U(0) ≤
∫
|Rmg(0)|pg(0)φ2pdVg(0) +
1
2K
∫
|Ricg(0)|2g(0)|Rmg(0)|
p−1
g(0)
φ2pdVg(0)
+
Cp6(K2 + L2)
K(p− 1)
∫
|Rmg(0)|p−1g(0)φ2pdVg(0)
+
Cp2(K2 + L2)
KL2
∫
|α(0)|2g(0)|Rmg(0)|
p−1
g(0)
φ2pdVg(0)
+
C
p+3
2 p2p(K2 + L2)
KL2
∫
|α(0)|2φ2pdVg(0)
≤
∫
|Rmg(0)|pg(0)φ2pdVg(0) +
Cp6(K2 + L2)
K
∫
|Rmg(0)|p−1g(0)φ2pdVg(0)
+
C
p+3
2 p2p(K2 + L2)
K
∫
φ2pdVg(0)
≤
∫
|Rmg(0)|pg(0)φ2pdVg(0) +
C
p+3
2 p2p(K2 + L2)
K
∫
φ2pdVg(0)
+
Cp6(K2 + L2)
K
[
p− 1
p
∫
|Rmg(0)|pg(0)φ2pdVg(0) +
1
p
∫
φ2pdVg(0)
]
≤ Cp6
(
1+
K2 + L2
K
) ∫
|Rmg(0)|pg(0)φ2pdVg(0)
+
C
p+3
2 p2p(K2 + L2)
Kθ2p
Volg(0)
(
Bg(0)
(
x0,
ρ√
K
))
≤ Cp6
(
1+
K2 + L2
K
) ∫
|Rmg(0)|pg(0)φ2pdVg(0)
+
C
p+3
2 p2p(K2 + L2)
Kθ2p
enK
′TVolg(t)
(
Bg(0)
(
x0,
ρ√
K
))
.
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Together with (3.26), we arrive at
U(t) ≤ eAT
[
A
∫
|Rmg(0)|pg(0)φ2pdVg(0) +Volg(t)
(
Bg(0)
(
x0,
ρ√
K
))
×
(
C
p+3
2 p2p(K2 + L2)
Kθ2p
enK
′T +
B
A
e2nK
′T
)]
≤ eAT
[
Cp6
(
1+
K2 + L2
K
)
a1
∫
|Rmg(0)|pg(0)φ2pdVg(0)(3.27)
+
(
B
A
+
C
p+3
2 p2p
θ2p
K2 + L2
K
)
e2nK
′TVolg(t)
(
Bg(0)
(
x0,
ρ√
K
)) ]
.
In particular, for any τ > 1, one has∫
Bg(0)(x0,ρ/τ
√
K)
|Rmg(t)|pg(t)dVg(t)(3.28)
≤
(
τ
τ − 1 θ
)2p
eAT
[
Cp6
θ2p
(
1+
K2 + L2
K
)
a1
∫
Bg(0)(x0,ρ/
√
K)
|Rmg(0)|pg(0)dVg(0)
+
(
B
A
+
C
p+3
2 p2p
θ2p
K2 + L2
K
)
e2nK
′TVolg(t)
(
Bg(0)
(
x0,
ρ√
K
)) ]
.
Fixing the volume of the ball Bg(0)(x0, ρ/
√
K), we have∫
Bg(0)(x0,ρ/τ
√
K)
|Rmg(t)|pg(t)dVg(t)(3.29)
≤
(
τ
τ − 1 θ
)2p
eAT
[
Cp6
θ2p
(
1+
K2 + L2
K
)
a1
∫
Bg(0)(x0,ρ/
√
K)
|Rmg(0)|pg(0)dVg(0)
+
(
B
A
+
C
p+3
2 p2p
θ2p
K2 + L2
K
)
e4nK
′TVolg(T)
(
Bg(0)
(
x0,
ρ√
K
)) ]
.
Letting τ → +∞ in (3.29), it follows that
|Rmg(t)|pg(t)(x0) ≤ eAT
[
Cp6
(
1+
K2 + L2
K
)
a1
∫
Bg(0)(x0,ρ/
√
K)
|Rmg(0)|pg(0)dVg(0)
+
(
Bθ2p
A
+ C
p+3
2 p2p
K2 + L2
K
)
e4nK
′TVolg(T)
(
Bg(0)
(
x0,
ρ√
K
)) ]
and then
|Rmg(t)|g(t)(x0) ≤ eCp
5(1+(K2+L2)/K)a12p−1
{
C1/pp6/p
(
1+
K2 + L2
K
)1/p
a
1/p
1
×
(∫
Bg(0)(x0,ρ/
√
K)
|Rmg(0)|pg(0)dVg(0)
)1/p
+ 2p−1

(Bθ2p
A
) 1
p
+ C
p+3
2p p2
(
K2 + L2
K
) 1
p

 e4nK′T/pVol1/p
g(T)
(
Bg(0)
(
x0,
ρ√
K
))}
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≤ eCp5(1+(K2+L2)/K)a12p−1
{
C1/pp6/p
(
1+
K2 + L2
K
)1/p
a
1/p
1
×
(∫
Bg(0)(x0,ρ/
√
K)
|Rmg(0)|pg(0)dVg(0)
)1/p
+ 2p−1
[
C
p+1
2p p
2(p−3)
p
a
1/p
1
(
a1K
′pρ−2pe2K
′pT + (a2 ∨ 1)2 + a3
) 1
p
+ C
p+3
2p p2
(
K2 + L2
K
) 1
p
]
e4nK
′T/pVol
1/p
g(T)
(
Bg(0)
(
x0,
ρ√
K
))}
.
Because the above inequality holds for any p ≥ 3, we particularly obtain
|Rmg(t)|g(t)(x0) ≤ CeC(1+
K2+L2
K )a
′
1
{[(
1+
K2 + L2
K
)
a
′
1
]1/4
×||Rmg(0)||L4(g(0),Bg(0)(x0,ρ/√K))
(3.30) +
[(
a
′
1(K
′/ρ2)4e8K
′T + (a′2 ∨ 1)2 + a′3
)1/4
+
(
K2 + L2
K
)1/4]
×enK′TVol1/4
g(T)
(
Bg(0)
(
x0,
ρ√
K
))}
where
a
′
1 := 1+ K+ L+
K
L2
, a′2 :=
L3
K1/2
and
a
′
3 :=
(1+ K+ L)(L ∨ 1)7/2
(K ∧ 1)5/4 .
Now the estimate (3.30) implies Theorem 2.1.
Remark 3.1. In [10], the first author applies the method of proving Theorem 2.1 to
the Ricci-harmonic flow and weakens the condition of Theorem 2.7 in [9].
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